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Abstract
Let Ω ⊂ RN be a smooth bounded domain such that 0 ∈ Ω , N  7, 0  s < 2, 2∗(s) =
2(N − s)/(N − 2). We prove the existence of sign-changing solutions for the singular critical prob-
lem −∆u − µ(u/|x|2) = (|u|2∗(s)−2/|x|s )u + λu with Dirichlet boundary condition on Ω for
suitable positive parameters λ and µ.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction and main results
In recent years, people have paid much attention to the existence of nontrivial solutions
to the following problem:{
−∆u−µ u|x|2 = |u|
2∗−2u+ λu x ∈ Ω,
u = 0 x ∈ ∂Ω,
(1.1)
where Ω is a smooth bounded domain in RN (N  3), 0 ∈ Ω,λ > 0,0  µ < µ¯ 
((N − 2)/2)2, 2∗  2N/(N − 2) is the critical Sobolev exponent. As a consequence of
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D. Kang, S. Peng / J. Math. Anal. Appl. 291 (2004) 488–499 489Hardy inequality, the linear elliptic operator L  (−∆ − µ/|x|2) is positive and has dis-
crete spectrum in H 10 (Ω) if 0 µ< µ¯. Let λ1(µ) be the first eigenvalue of the operator L
in H 10 (Ω) and set
J 2
∗
λ,µ(u) =
1
2
∫
Ω
(
|∇u|2 −µ u
2
|x|2 − λu
2
)
− 1
2∗
∫
Ω
|u|2∗, ∀u ∈ H 10 (Ω). (1.2)
Due to the invariance of H 10 -norm, L
2∗
-norm and
∫
Ω
u2/|x|2 with respect to rescaling
u → uε = ε(N−2)/2u(ε(·)) and the existence of nontrivial entire solution of the limiting
problem (see [3–5,8]){
−∆u−µ u|x|2 = |u|
2∗−2u x ∈RN,
u → 0 |x| → ∞,
(1.3)
J 2
∗
λ,µ fails to satisfy the classical Palais–Smale (PS in short) condition in H 10 (Ω). However,
a local PS condition can be established. Indeed, let |u|pp =
∫
Ω |u|p for p ∈ (1,∞) and
A inf
u∈H 10 (Ω)\{0}
∫
Ω
(|∇u|2 −µ u2|x|2 )(∫
Ω |u|2∗
) 2
2∗
, (1.4)
suppose {un} ⊂ H 10 (Ω) is a sequence such that J 2
∗
λ,µ(un)  c < (1/N)A(N/2) and
DJ 2
∗
λ,µ(un) → 0 in H−1(Ω) = (H 10 (Ω))∗, then {un} contains a strongly convergent sub-
sequence. Using this local PS condition, Jannelli proved in [8] that problem (1.1) has at
least one positive solution u0 ∈ H 10 (Ω) if either (1) µ ∈ (0, µ¯ − 1) and λ ∈ (0, λ1(µ))
or (2) µ ∈ (µ¯ − 1, µ¯) and λ ∈ (λ∗(µ),λ1(µ)) holds, where λ∗(µ) is a positive constant
depending on µ. Also, by the compactness analysis argument, Ferrero and Gazzola in [5]
investigated the existence of solutions to (1.1) for a large range of λ; Ghoussoub and
Yuan in [7], Ekeland and Ghoussoub in [4] studied a more general case. Recently Cao and
Peng in [2] proved the existence of sign-changing solutions for problem (1.1) by applying
the min–max principles. Denote β ≡ √µ¯− µ, Catrina and Wang in [3], Terracini in [12]
proved that for ε > 0 and a suitable C > 0, functions
Yε = Cε
N−2
4
|x|√µ¯−β(ε + |x| 4βN−2 )√µ¯
satisfy Eq. (1.3), moreover, Yε achieve A on RN .
Now we consider the following problem:
−∆u− µ
u
|x|2 =
|u|2∗(s)−2
|x|s u+ λu x ∈ Ω,
u = 0 x ∈ ∂Ω,
(1.5)
where Ω is a smooth bounded domain inRN (N  3), 0 ∈ Ω , 0µ < µ¯, λ > 0, 0 s < 2,
2∗(s)  2(N − s)/(N − 2) is the critical Sobolev–Hardy exponent, note that 2∗(0) = 2∗
is the critical Sobolev exponent and as s = 0, (1.5) becomes (1.1). A natural question is
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critical Sobolev–Hardy growth?
Recently, Kang and Peng in [9] proved that (1.5) has at least one positive solution as
µ ∈ (0, µ¯− 1), λ ∈ (0, λ1(µ)) and 0 s < 2. They also proved the existence of nontrivial
solutions for µ ∈ (µ¯ − 1, µ¯) and a large range of λ. Moreover, they found that for ε > 0
and β = √µ¯− µ, the functions
Uε(x)=
(
2εβ2(N − s)√
µ¯
) √µ¯
2−s /(|x|√µ¯−β(ε + |x| (2−s)β√µ¯ )N−22−s ) (1.6)
solve the equation
−∆u− µ u|x|2 =
|u|2∗(s)−2
|x|s u in R
N \ {0}
and satisfy∫
RN
(
|∇Uε|2 − µ |Uε|
2
|x|2
)
=
∫
RN
|Uε|2∗(s)
|x|s = A
N−s
2−s
s , (1.7)
where As is the best constant defined as
As  inf
u∈H 10 (Ω)\{0}
∫
Ω
(|∇u|2 − µ u2|x|2 )(∫
Ω
u2∗(s)
|x|s
) 2
2∗(s)
, (1.8)
As is independent of Ω and is achieved by Uε on RN . Furthermore, A0 = A is the best
constant defined in (1.4).
By Pohozaev’s identity (see [6]), for λ 0, (1.5) has no nontrivial solutions. It is easy
to verify that as λ  λ1(µ), every solution of (1.5) must change sign. Moreover, in [2],
as λ ∈ (0, λ1(µ)), some existence results of sign-changing solutions are given for (1.5)
with s = 0, i.e., for problem (1.1). So it will be meaningful to study the existence of sign-
changing solutions for problem (1.5) as s ∈ [0,2) and λ ∈ (0, λ1(µ)). In this paper, we
obtain the following existence result.
Theorem 1.1. Suppose N  7, µ ∈ [0, µ¯− 4), s ∈ [0,2), and λ ∈ (0, λ1(µ)), then there is
at least a pair of sign-changing solutions ±u(x) of (1.5) satisfying∫
Ω
|u|2∗(s)−2
|x|s uv(u) = 0,
where v(u) is the first eigenfunction of the weighted eigenvalue problem
−
(
∆ + µ|x|2 + λ
)
v = γ |u|
2∗(s)−2
|x|s v x ∈ Ω,
v = 0 x ∈ ∂Ω.
It should be mentioned that Tarantello in [11] obtained a pair of sign-changing solutions
for (1.5) as µ = s = 0, Ghoussoub and Yuan in [7] discussed the quasi-linear form of (1.5)
D. Kang, S. Peng / J. Math. Anal. Appl. 291 (2004) 488–499 491with µ = 0 and got analogous results. In their papers, either µ = 0 or the term 1/|x|2 is
replaced by 1/|x|τ with τ ∈ (0,2), the solutions with which they constructed dual sets are
regular, and they can easily get the needed estimates by the L∞-norm of these solutions.
However, if µ = 0, the nontrivial solutions of (1.5) are singular, so the arguments used
in [7,11] are no longer applicable. However, by using a result in [10] (see Lemma 2.1 in
this paper), we can overcome the above difficulties and get our desired estimates. In this
way, we do not need L∞-norm of the solutions. Note that to ensure the needed Lp-norm
for our discussions, we require β > 2, which holds only if N  7. The cases N = 3,4,5,6
are more delicate. In fact, when Ω is the unit ball, it has been proved in [1] that problem
(1.5) has no radial sign-changing solutions in the case N = 4,5,6 and µ = s = 0 if λ > 0
is small enough.
This paper is organized as follows: we first establish the existence of a sequence of
approximating sign-changing solutions of (1.5) by studying the subcritical approximating
problem; then up to a subsequence, we show that the approximating solutions converge to
a sign-changing solution of (1.5). This idea is essentially introduced in [2,7,11].
2. Proof of the main result
We first define the equivalent norm in H 10 (Ω) for 0 µ< µ¯:
‖u‖
(∫
Ω
(
|∇u|2 − µ u
2
|x|2
)) 1
2
, ∀u ∈ H 10 (Ω).
By Hardy inequality (see [7]), this norm is equivalent to the usual norm in H 10 (Ω). We also
denote the norm of Lp(Ω) space as |u|p and various positive constants as C. For ν  0
small, define
Jν(u) = 12
∫
Ω
(
|∇u|2 − µ u
2
|x|2 − λu
2
)
− 1
2∗(s) − ν
∫
Ω
|u|2∗(s)−ν
|x|s , ∀u ∈ H
1
0 (Ω),
(2.1)
Λν =
{
u ∈ H 10 (Ω);
〈
DJν(u),u
〉= 0, u ≡ 0}, (2.2)
c1,ν = inf
u∈Λν
Jν(u). (2.3)
Noting that Jν ∈ C1(H 10 (Ω),R) and for ν∗ > 0 small enough, one can find a constant
α0 > 0, such that the following lower bound holds for ν ∈ [0, ν∗]:
c1,ν  α0. (2.4)
The following results are already known.
Lemma 2.1 [10]. Assume that u ∈ H 10 (Ω) is a solution of (1.5), β =
√
µ¯− µ, then we
have
u ∈ Lp(Ω), ∀p ∈
(
1,
N√
µ¯− β
)
.
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a positive solution u0 ∈ Λ0 such that
c1,0 = J0(u0) = J0(−u0) = sup
t∈R
J0(tu0).
As in [7,11], we first manage to get the result of Theorem 1.1 in the subcritical cases
by using the min–max principles. Let B ⊂ H 10 (Ω) be a closed symmetric set, as is well
known, the Krasnselski genus i(B) is then well-defined for the set B . Fix ρ > 0 and let
Sρ = {u ∈ H 10 (Ω); ‖u‖ = ρ}. Define
H = {h; h :H 10 (Ω) → H 10 (Ω) is an odd homeomorphism},
F2 =
{
B; B ⊂ H 10 (Ω) is closed symmetric, i
(
h(B) ∩ Sρ
)
 2, ∀h ∈ H},
then by the similar arguments as in [7,11], we the have following lemma.
Lemma 2.3. There is a ν∗ > 0, such that for every ν ∈ (0, ν∗), the following problem
−∆u− µ
u
|x|2 =
|u|2∗(s)−2−ν
|x|s u+ λu x ∈ Ω,
u = 0 x ∈ ∂Ω,
has a sign-changing solution uν satisfying∫
Ω
|uν |2∗(s)−2−ν
|x|s uνv(uν) = 0,
where v(uν) is the first eigenfunction of the weighted eigenvalue problem
−
(
∆ + µ|x|2 + λ
)
v = γ |uν |
2∗(s)−2−ν
|x|s v x ∈ Ω,
v = 0 x ∈ ∂Ω,
moreover,
c2,ν  inf
A∈F2
sup
w∈A
Jν(w) = Jν(uν).
In this paper, we use O(β(t)) to denote the quantity α(t) satisfying∣∣∣∣α(t)β(t)
∣∣∣∣ C as t ∈ (0, δ)
for some positive constant C > 0 and some small δ > 0, where β(t) = 0. We also denote
the quantity δ(t) as o(η(t)) for t small enough if
lim
t→0 δ(t) = 0, limt→0η(t) = 0, and limt→0
δ(t)
η(t)
= 0, where η(t) = 0.
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(1.6). Let
Cε =
(
2ε(µ¯− µ)(N − s)√
µ¯
) √µ¯
2−s
, Vε(x) = Uε(x)/Cε,
ϕ(x) ∈ C∞0 (Ω), 0  ϕ(x)  1, ϕ(x) = 1 for |x|  R, ϕ(x) = 0 for |x|  2R, where
B2R(0) ⊂ Ω . Set
wε(x)= ϕ(x)Vε(x), vε(x)= wε(x)
/(∫
Ω
|wε|2∗(s)
|x|s
)1/2∗(s)
.
It is easy to get the following results:∫
Ω
|vε|2∗(s)
|x|s = 1, (2.5)
‖vε‖2 = As + O
(
ε
N−2
2−s
)
, (2.6)
∫
Ω
|vε|q =


O
(
ε
√
µ¯
2−s q
)
1 q < N√
µ¯ + β ,
O
(
ε
√
µ¯
2−s q | lnε|) q = N√
µ¯+ β ,
O
(
ε
√
µ¯
(2−s)β (N−q
√
µ¯)) N√
µ¯+ β < q < 2
∗,
(2.7)
∫
Ω
|vε|2 =


O
(
ε
N−2
2−s
)
0 < β < 1,
O
(
ε
N−2
2−s | lnε|) β = 1,
O
(
ε
N−2
(2−s)β
)
β > 1.
(2.8)
So for all β > 0, we have
∫
Ω
|vε|2 → 0 as ε → 0. If µ ∈ [0, µ¯− 1), namely β > 1, we also
have
C1ε
N−2
(2−s)β 
∫
Ω
|vε|2  C2ε
N−2
(2−s)β
for some positive constants C1 and C2.
Lemma 2.4. For ε > 0 small, there exist a positive constant C > 0 such that
sup
t0
J0(tvε)
2 − s
2(N − s)A
N−s
2−s
s + O
(
ε
N−2
2−s
)− C ∫
Ω
|vε|2.
Proof. We consider the function
g(t) J0(tvε) = t
2
2
‖vε‖2 − 12∗(s) t
2∗(s) − λt
2
2
∫
|vε|2.Ω
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t→∞g(t) = −∞, g(t) attains
its maximum at some tε > 0. From
0 = g′(tε) = tε
(
‖vε‖2 − t2∗(s)−2ε − λ
∫
Ω
|vε|2
)
,
we get
tε =
(
‖vε‖2 − λ
∫
Ω
|vε|2
) 1
2∗(s)−2
.
Thus
g(tε) =
(
1
2
− 1
2∗(s)
)(
‖vε‖2 − λ
∫
Ω
|vε|2
) 2∗(s)
2∗(s)−2
= 2 − s
2(N − s)
(
As + O
(
ε
N−2
2−s
)− λ∫
Ω
|vε|2
) 2∗(s)
2∗(s)−2
 2 − s
2(N − s)A
N−s
2−s
s + O
(
ε
N−2
2−s
)− C ∫
Ω
|vε|2,
where C is a positive constant. 
Lemma 2.5. Assume that N  7, µ ∈ [0, µ¯ − 4), s ∈ [0,2) , and λ ∈ (0, λ1(µ)). Then as
ε → 0, we have∫
Ω
|u0|2∗(s)−1vε
|x|s = o
(∫
Ω
|vε|2
)
and
∫
Ω
u0|vε|2∗(s)−1
|x|s = o
(∫
Ω
|vε|2
)
.
Proof. We apply Lemma 2.1 to u0.∫
Ω
|u0|2∗(s)−1vε
|x|s =
∫
Ω
|u0|2∗(s)−1vε|x|−s

(∫
Ω
|u0|a
) 2∗(s)−1
a
(∫
Ω
|x|−b
) s
b
(∫
Ω
|vε|θ
) 1
θ
,
where 2∗(s)− 1 < a < N/(√µ¯− β), s < b < N , θ = (1 − (2∗(s) − 1)/a − s/b)−1 < 2∗,
so we have
2∗ > θ >
[
1 − 1
N
(√
µ¯− β)(2∗(s)− 1)− s
N
]−1
= N∗ √  θ1.N − s − (2 (s)− 1)( µ¯− β)
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√
µ¯+ β), we can choose suitable a and b such that θ ∈ (θ1,N/(√µ¯+ β))
and then(∫
Ω
|vε|θ
) 1
θ = O(ε √µ¯2−s ).
Under the assumptions of our lemma,∫
Ω
|vε|2 = O
(
ε
N−2
(2−s)β
)
.
By the fact that µ ∈ [0, µ¯− 4), β > 2, and √µ¯/(2 − s) > (N − 2)/((2 − s)β), we have as
ε → 0,∫
Ω
|u0|2∗(s)−1vε
|x|s = o
(∫
Ω
|vε|2
)
.
On the other hand,
∫
Ω
u0|vε|2∗(s)−1
|x|s 
(∫
Ω
|u0|c
) 1
c
(∫
Ω
|x|−d
) s
d
(∫
Ω
|vε|θ
) 2∗(s)−1
θ
,
where 1 < c < N/(
√
µ¯ − β), s < d < N , θ = (2∗(s) − 1)(1 − 1/c − s/d)−1 < 2∗. So we
have
2∗ > θ >
(
2∗(s) − 1)(1 − √µ¯− β
N
− s
N
)−1
= N(2
∗(s)− 1)
N − s − √µ¯+ β  θ2,
furthermore, θ2 > N/(
√
µ¯+ β). From (2.7) we get
(∫
Ω
|vε|θ
) 2∗(s)−1
θ = O(ε√µ¯(2∗(s)−1)(2−s)β ( Nθ −√µ¯)).
As θ → θ2,√
µ¯(2∗(s)− 1)
(2 − s)β
(
N
θ
−√µ¯)→ √µ¯(2∗(s) − 1)
(2 − s)β
(
N
θ2
−√µ¯).
Under the assumptions of our lemma,∫
Ω
|vε|2 = O
(
ε
N−2
(2−s)β
)
and
√
µ¯(2∗(s)− 1)
(2 − s)β
(
N
θ2
−√µ¯)> N − 2
(2 − s)β ,
thus we can choose suitable θ ∈ (θ2,2∗) such that∫
Ω
u0|vε|2∗(s)−1
|x|s = o
(∫
Ω
|vε|2
)
as ε → 0. 
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that
c2,ν  c1,ν + 2 − s2(N − s)A
N−s
2−s
s − σ, ∀ν ∈ (0, ν0). (2.9)
Proof. Let u0 and vε be defined as before, set Γε = span{u0, vε}. Clearly,
Γε ∈F2 and c2,ν  sup
w∈Γε
Jν(w) = sup
a,b∈R
Jν(au0 + bvε).
By calculation, we see
Jν(au0 + bvε) = Jν(au0)+ Jν(bvε)+ ab
∫
Ω
u
2∗(s)−1
0 vε
|x|s +
|a|2∗(s)−ν
2∗(s) − ν
∫
Ω
u
2∗(s)−ν
0
|x|s
+ |b|
2∗(s)−ν
2∗(s)− ν
∫
Ω
v
2∗(s)−ν
ε
|x|s −
1
2∗(s) − ν
∫
Ω
|au0 + bvε|2∗(s)−ν
|x|s .
From the estimates above, for ε > 0 small,
lim
a,b→∞Jν(au0 + bvε) = −∞,
so we assume that a and b are in a bounded set. By the Calculus Lemma (see [7]), for
q ∈ (1,+∞), there exists a constant C = C(q) > 0 such that
|a + b|q  |a|q + |b|q − C(|a|q−1|b| + |a||b|q−1), ∀a, b ∈R.
From Lemmas 2.2, 2.4, and 2.5 we have
Jν(au0 + bvε) Jν(au0)+ Jν(bvε)
+ C
∫
Ω
u
2∗(s)−1−ν
0 vε
|x|s + C
∫
Ω
u0v
2∗(s)−1−ν
ε
|x|s + ab
∫
Ω
u
2∗(s)−1
0 vε
|x|s
 J0(au0)+ J0(bvε) + I1 + I2 + I3
+ C
∫
Ω
u
2∗(s)−1
0 vε
|x|s + C
∫
Ω
u0v
2∗(s)−1
ε
|x|s
 c1,ν + 2 − s2(N − s)A
N−s
2−s
s + O
(
ε
N−2
2−s
)− C ∫
Ω
|vε|2
+ I1 + I2 + I3 + I4 + C
∫
Ω
|u0|2∗(s)−1vε
|x|s + C
∫
Ω
u0|vε|2∗(s)−1
|x|s ,
where
I1 = 12∗(s)
∫ |au0|2∗(s)
|x|s −
1
2∗(s) − ν
∫ |au0|2∗(s)−ν
|x|s ,
Ω Ω
D. Kang, S. Peng / J. Math. Anal. Appl. 291 (2004) 488–499 497I2 = 12∗(s)
∫
Ω
|bvε|2∗(s)
|x|s −
1
2∗(s)− ν
∫
Ω
|bvε|2∗(s)−ν
|x|s ,
I3 = C
(∫
Ω
u
2∗(s)−1−ν
0 vε
|x|s +
∫
Ω
u0v
2∗(s)−1−ν
ε
|x|s −
∫
Ω
u
2∗(s)−1
0 vε
|x|s −
∫
Ω
u0v
2∗(s)−1
ε
|x|s
)
,
I4 = c1,0 − c1,ν.
By Lemma 2.5 and the fact that for β > 2, O(ε
N−2
2−s ) = o(∫Ω |vε|2) as ε → 0, choosing ε
small enough we have
O
(
ε
N−2
2−s
)− C ∫
Ω
|vε|2 + C
∫
Ω
|u0|2∗(s)−1vε
|x|s + C
∫
Ω
u0|vε|2∗(s)−1
|x|s −2σ
for some σ > 0. Noting that I1, I2, I3, and I4 approach 0 as ν → 0 (similar to that in [7]),
we can choose ν0 small enough such that
I1 + I2 + I3 + I4  σ, ∀ν ∈ (0, ν0).
Thus we get
Jν(au0 + bvε) c1,ν + 2 − s2(N − s)A
N−s
2−s
s − σ, ∀ν ∈ (0, ν0),
which completes the proof of our lemma. 
Proof of Theorem 1.1. The proof is very similar to that of [7, Theorem 9.1] and we only
sketch it. From the fact that c1,ν → c1,0 as ν → 0 and Lemma 2.6, we see that c2,ν is
bounded uniformly in ν. Let uν be the solution as in Lemma 2.3, it is easy to show that for
a suitable constant K > 0,
‖uν‖K, ∀ν ∈ (0, ν0). (2.10)
Define u± = max{±u,0} for any u ∈ H 10 (Ω), then u± ∈ H 10 (Ω). From (2.10) we can find
νn → 0 such that for some u ∈ H 10 (Ω),
u±νn ⇀ u weakly in H
1
0 (Ω) as n → ∞.
For convenience, denote uνn , Jνn , c1,νn , c2,νn , Λνn , as un, Jn, c1,n, c2,n, Λn, respectively.
Since u±n ∈ Λn, we have Jn(u±n ) c1,n. From Lemma 2.6, for n large,
Jn
(
u+n
)+ Jn(u−n )= Jn(un) = c2,n  c1,n + 2 − s2(N − s)A
N−s
2−s
s − σ,
and thus for n large,
Jn
(
u±n
)
 2 − s
2(N − s)A
N−s
2−s
s − σ. (2.11)
By (2.10) and the fact that u±n ∈ Λn, we derive
K1 
∫ |u±n |2∗(s)
|x|s K2 (2.12)
Ω
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≡ 0 in Ω . Arguing by contradic-
tion, assume that u+ ≡ 0, from (2.11) we have
1
2
∥∥u+n ∥∥2 − 12∗(s)− νn
∫
Ω
|u+n |2∗(s)−νn
|x|s 
2 − s
2(N − s)A
N−s
2−s
s − σ + o(1) (2.13)
and ∥∥u+n ∥∥2 −
∫
Ω
|u+n |2∗(s)−νn
|x|s = o(1). (2.14)
Hence
As
(∫
Ω
|u+n |2∗(s)
|x|s
) 2
2∗(s)

∥∥u+n ∥∥2 =
∫
Ω
|u+n |2∗(s)−νn
|x|s + o(1)

(∫
Ω
|u+n |2∗(s)−νn
|x|s
) 2∗(s)−νn−2
2∗(s)
×
(∫
Ω
1
|x|s
) νn
2∗(s)
(∫
Ω
|u+n |2∗(s)
|x|s
) 2
2∗(s) + o(1).
By (2.12), we have∫
Ω
|u+n |2∗(s)−νn
|x|s A
N−s
2−s
s + o(1),
which contradicts (2.13) and (2.14), thus u+ ≡ 0. Similarly we can show u− ≡ 0. There-
fore u changes sign in Ω and un ⇀ u weakly in H 10 (Ω), thus u is a solution (1.5). Since
c2,n → c2,0 as n → 0, it is easy to verify that un is actually a PS sequence for J0 at
level c2,0. By the fact limn→∞ c1,n = c1,0 and by standard arguments we can show that
a subsequence of un converges strongly to u in H 10 (Ω). Thus, we complete the proof of
Theorem 1.1. 
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